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MANIFOLDS MODELLED ON R°° OR

BOUNDED WEAK* TOPOLOGIES
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ABSTRACT.   Let R°° = lim Rn, and let B*(b*) denote the conjugate, B*,

of a separable, infinite-dimensional Banach space with its bounded weak-* topology.

We investigate properties of paracompact, topological manifolds M, N modelled on

F, where F is either R    or B*(b*).   Included among our results are that locally

trivial bundles and microbundles over M with fiber F are trivial; there is an open

embedding M —► M x F; and if M and N have the same homotopy type, then

M x F and N X F are homeomorphic.   Also, if U is an open subset of B*(b*),

then U X B*(b*) is homeomorphic to U.   Thus, two open subsets of B*(b*) are

homeomorphic if and only if they have the same homotopy type.   Our theorems

about B*(i>*)-manifolds, B*(b*) as above, immediately yield analogous theorems

about ß(ö)-manifolds, where B(b) is a separable, reflexive, infinite-dimensional

Banach space with its bounded weak topology.

0. Introduction.  Let R°° = lim R", and let B*(b*) denote the conjugate,

B*, of a separable, infinite-dimensional Banach space with its bounded weak-*

topology.  The bounded weak-* topology is the finest topology agreeing with the

weak-* topology on bounded sets.  (The weak-* topology on B* is the smallest

topology on which all the linear functionals {*|* G B} are continuous where

*(a) = a(*).) We investigate properties of paracompact, topological manifolds,

M, N, modelled on F, where F is either R°° or B*(b*). Included among our re-

sults are that locally trivial bundles and microbundles over M with fiber F are

trivial; there is an open embedding M —* M x F; and if M and N have the same

homotopy type, then M x F is homeomorphic toN x F.  We also show that if

U is open in B*(b*), then U x B*(b*) is homeomorphic to U.   Thus, two open

subsets of B*(b*) are homeomorphic if and only if they have the same homotopy

type.

Any theorem about ¿?*(Z>*)-manifolds, B*(b*) as above, yields an analogous
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theorem about 2?(í»)-manifolds where B(b) is a separable, reflexive, infinite-dimen-

sional Banach space with its bounded weak topology.  This is because, if B is

separable and reflexive, then B* is separable, and the natural isomorphism B —►

(B*)* identifies the bounded weak topology on B with the bounded weak-*

topology on (B*)*.

Interest in bounded weak topologies has arisen recently in global analysis.

In [14, §3] Richard Palais, commenting on work of J. Dowling, R. Graff and K.

Uhlenbeck, observed that many Banach manifolds of sections possess a natural

atlas such that the transition maps, in addition to being smooth, preserve the

bounded weak topology.  It is hoped that study of topological manifolds modelled

on bounded weak topologies will add some insight to these manifolds with "extra

structure".

The author gratefully acknowledges the generous advice and encouragement

of his thesis advisor, David W. Henderson.

I. Notation.  Our "spaces" are Hausdorff and our "maps" continuous. We

use B to denote a separable, infinite-dimensional Banach space, B* its conjugate,

b* the bounded weak-* topology, and B*(b*) the space B* with its b* topology.

(Note [6, Corollary 5, p. 428] that B*(b*) is a TVS (real topological vector space ).

We also write LCTVS for a locally convex TVS.) We let / = [0, 1], g the Hubert

cube, which we regard as the countably infinite product of / = [- 1, 1], R the

reals, R~ - lim {Rn, /„} and g~ = lim {g", /„}, wheie"/,,^,, • • •, *„) =

(*,,-•-, *„, 0), /„(*!,- •••*„) = (*,, * * • , *„, 0).

II. Statement of results.  First, we state a result from [8] that we will need.

Theorem H. 1 ([8, Theorem H. 6]). B*(b*) is homeomorphic to Q°°. In

particular, B*(b*) is homeomorphic to l2(b).

Thus, any (topological) 5*(¿>*)-manifold may be regarded as an /2 (¿^-mani-

fold. Since the canonical isomorphism l2 —► I* identifies the bounded weak and

bounded weak-* topologies, we identify l2(b) with /*(£>*) when convenient.

Definition.  Let E be a TVS, M an ¿"-manifold and X a space. A map

f.X —* Mis said to be (linearly) split at x G X if there is a neighborhood V of

fix) and a homeomorphism of pairs 0: (V, V n fiX)) —* (V1 x V2, Vl x {0})

where Vi is open in E¡, i = 1,2, and E1 and E2 are closed linear subspaces of E

such that E is (linearly) homeomorphic to Ex x E2. Iff is (linearly) split at each

* G X, we say / is (linearly) split.

For the remainder of this section, let F denote either B*(b*) or R°°. Let

M and N denote paracompact, connected F-manifolds. We establish the following

results.
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Theorem II. 2.   (a)  There is a closed embedding f: M—*■ F.  If V is any

neighborhood ofOEF, we may take f(M) C V.  (b)IfF = R°° or if F = B*(b*)

where there is a closed linear split embedding B © B —> B, then there is a closed

linearly split embedding f. M —* F.

Since Fis not first countable (see [9, Proposition III. 1(e)] for the case

F = B*(b*)), it is not metrizable. Thus, F-manifolds cannot be ANR (metric).

However, we do have:

Theorem n. 3.  ///: M —*■ N is a closed split embedding, then fiM) is a

neighborhood retract of N.

Corollary n. 4. M is homeomorphic to a closed neighborhood retract of

F.

Theorem H. 5.  Any microbundle and any locally trivial bundle with base

M and fiber F are trivial.

Our proof of Theorem II. 5 is patterned after proofs of Chapman in [3].

Chapman's hypotheses include that the fiber be homeomorphic to its countably

infinite cartesian product.  This is not true of B*(b*) or R°°. However, both

B*(b*) and R°° are homeomorphic to their countably infinite direct limit (combine

Theorem II. 1 and [8, Corollary III. 3] ). This was used crucially in establishing

[8, Corollary II. 5], one of the main tools used in the proof of Theorem II. 5.

Theorem EL 6.   ///: M —> N is a closed split embedding, then there is an

open embedding g: M x F —>N x F such that g(m, 0) = (f(m), 0), each m EM.

Corollary ÏÏ. 7.  There is an open embedding M x F —► F.

Definition.  Two embeddings /, g: X —* Y, X and Y spaces, are ambient

invertibly isotopic if there is a level preserving homeomorphism (called an invert-

ible isotopy) h: Y x I—*Y x I such that h(x, 0) = (*, 0) and h(f(x), 1) =

(g(x), I), all * G X.

Theorem n. 8.  Any two homotopic closed embeddings f, g: M —*■ N x

{0} C N x F are ambient invertibly isotopic in N x F.  Further, given any neigh-

borhood VofOEF, the invertible isotopy may be taken to be the identity on

N x (F\V) x I.

Theorem II. 9 (stable classification). ///: M-* .¡V is a homotopy

equivalence, then there is a homeomorphism h: M x F —► N x F such that h is

homotopic to f x id.

The proofs of Theorems II. 6, II. 8, and II. 9 are modelled after proofs of
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Henderson in [11].  Henderson's theorems, however, assume that the model is a

metrizable LCTVS homeomorphic to its countably infinite cartesian product. As

mentioned above, B*(b*) and R°° are not metrizable and are not homeomorphic

to their countable cartesian product. Also, since B*(b*) and 7?°° are not first

countable, they cannot be open cones.  In [10, Lemma 1.1] Henderson showed

that any metrizable LCTVS is an open cone, and he used this crucially in estab-

lishing his stable classification theorem.  The concept that takes the place of

"being an open cone", here, is the property of having a basis of radially bounded

starlike sets.   §IV develops the needed auxiliary results related to this property.

The following theorem follows from work of Hansen [7] and T. torn Dieck

[4] (see §X).

Theorem II. 10.   M has the homotopy type of a CW-complex.

Theorem II. 11.   If U is an open subset of B*(b*), then U x B*(b*) = U.

Our proof of Theorem II. 11 relies heavily on the work of Anderson and

Schori [2] and Anderson and Chapman [1].

The following is immediate from Theorems II. 9 and II. 11.

Corollary 13. 12.   Two open subsets of B*(b*) are homeomorphic iff

they have the same homotopy type.

III.  Some preliminaries.

Definition.  We call a space X a countable direct limit of compact metric

spaces (CDLCMS) if X = \J{C¡\i = 1, 2, • • •}, where each C¡ is a compact metric

space, C¡ C Ci+1, and 0 C X is open in X iff 0 H C¡ is open in C,-, each /.

Examples are R°°, Q°° and, e.g. by Theorem II. 1, B*(b*).

Proposition El. 1. Let X be a CDLCMS.   Then every subspace of X is

regular, separable, Lindelöf, and paracompact.

Proof of III. 1.   By Proposition 4.3 of [7], X is regular and Lindelöf. By

a theorem of Morita [5, p. 174], X is also paracompact.  Since subspaces of regu-

lar spaces are regular, every subspace of X is regular.  Let 0 be open in X =

\J{Cj\i = 1, 2, • • • }.  Each 0 n C, is Lindelöf and locally compact, so 0 H C¡ =

\J{K¡j\j = 1, 2, • • • }, where each K¡¡ is the closure of a relatively compact neigh-

borhood in 0 n C,-. Thus 0 is the countable union of compact sets and hence

Lindelöf.  Now let A be any subset of X, and let {Va = Ua n A} be an open

cover of A, Ua open in X.   Since U = Ui^cJ 's Lindelöf, there is a countable

subcover of {Ua}, and hence also of {Va}. Thus, every subspace of AT is Lindelöf.

By Morita's theorem, again, every subspace of X is paracompact.  Finally, given
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A CX, A n C¡ is separable since it is metric and Lindelöf. Thus, A, the countable

union of separable spaces, is separable.

Proposition III. 2. Let F be a TVS which is a CDLCMS.   Then any para-

compact, connected F-manifold, M, is a CDLCMS.

Proof of HI. 2.   Let 0 be open in F, F = \J{C¡\i = 1, 2, • • • }. We have

0C\C¡= \J{K¡j} as in the proof of Proposition HI. 1.  Since 0 = lim(0 n C,),

it follows that 0 is a CDLCMS.  By Proposition HI. 1 each open subset of F is

Lindelpf. Thus, by [9, Proposition III. 4] M is Lindelöf. Thus, M = \J{0¡\i =

1, 2, • • • } where each 0¡ is homeomorphic to an open subset of F.   Since each

0( is a CDLCMS, it follows easily that M is also.

Proposition m. 3. Let X be a CDLCMS, F a LCTVS.  Then any map

f: A —* F,A closed in X, extends to a map f:X —*■ F such that f'(X) C convex

huii m))-

Proof of HI. 3.   Using Dugundji's extension theorem [5, p. 188] in place

of Tietze's extension theorem, the proof is like that of [7, Proposition 4.3(f)].

IV.  Radially bounded starlike sets.  If F is a TVS and y E F\{0} let Ry =

{ay\a E [0, °°)}, the ray through y.   If W C F and a G R, let aW = {aw\w E W}.

Definition. A starlike set in a TVS F is a neighborhood U of the origin

such that each ray from the origin intersects U in a connected interval and inter-

sects Bd(£/), the topological boundary of U, in at most one point.

It is an easy exercise to show that any convex neighborhood of the origin

is starlike.

Definition. A subset of TVS is radially bounded if it intersects each ray

(from the origin) in a bounded set.

Recall that a set C in a TVS is circled if XC C C, all |X|< 1.

Theorem IV. 1.   B*(b*) and R°° have bases at the origin of radially bound-

ed, circled, convex (and hence starlike) neighborhoods.

Proof of IV. 1.   Since R  is locally compact, it follows that

{[IL°1 j(- a¡, a,)] n R°°\a¡ > 0, a,- —* 0} is a basis at the origin in R°°; and each

set in this collection is radially bounded, circled and convex.

By the Banach-Dieudonné theorem [6, Lemma 4, p. 427], sets of the form

{x* E B*\ |**(*,)| < a¡, i = 1, 2, • • • , II*,. Il = 1, |a,| —* °°} are a basis at the

origin in B*(b*).   Since B is separable metric, there is a sequence   {dt\i =1,2,

■■ ■ } C {xEB\\\x\\ = 1} such that the closure of {dt} is {* G B\ 11*11 = 1}.

Given
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U = {** G B*\ |**(*,.)| < a,., / = 1, 2, • • • , II*,.Il = 1, |a,.| -» «,},

let r = {** G 5*1 |**0,.)l < 0,  i = 1, 2, • • • } where j,. = *((+1)/2, ft =

a(/+1)/2 if' ts odd and ¿^ = di/2,ßt = i if í is even.  Then F is a convex, circled

neighborhood of 0 G B*(b*) contained in U.   Also, V is radially bounded.  To see

this, let ** G 2?*\{0}.  Then |**(dy.)| = 6 > 0, some /.  If a > (2/)/§, then

\(ax*)(y2j)\ = Ka**)^)! > 2/, so that ax* G V.

Notation.  We write "RBS" for "radially bounded starlike".

Note that the boundary of a RBS set intersects each ray in exactly one

point.

Definition.  Let V be a RBS set in the TVS F  Define ßv: F\{0} —►

F\{0} by letting ßv(x) be the unique point in Bd(F) n Rx. Define yv: F\{0}

—* (0, °°) by * = yv(x)ßv(x).

Note * G V iff yv(x) < 1, and yv(ax) = crfv(x) all a > 0.

Lemma IV. 2. 7/ Km a RBS set in the TVS F, then ßv: F\{0} —> F\{0}

and yv: F\{0} —* (0, °°) are continuous.

Proof of IV. 2 (adapted from an unpublished argument of David Henderson).

Let ju = ßv, y = yv.  Since ju(*) = (\¡y(x))x, we need only prove that y is con-

tinuous.  Fix *0 G F\{0}, and let 0 < S < 7(*0).  If *0 were a limit point of

A m {* G F\{0}|7(*0) - 7(*) > 5}, then (1/t(*0))*0 = ß(x0) would be a limit

point of (1/7(*0)>1.   But (1/7(*0)M C (1 - b')V, where S' = ô/7(*0) < 1, so

this is impossible.  Thus, *0 is not a limit point of A.   Similarly, *0 is not the

limit point of {* G F\{0}|7(*) - 7(*0) > 5}, and continuity of y follows.

Definition.  Let B be a space, F a TVS. Let W be an open subset of

B x F such that for each b EB, Wb = W Ci (b xf), regarded as lying in F, is a

RBS set.  For each b E B, let ßb = ßW)j: F\{0} —* F\{0} and yb = yw¡}:

F\{0} —> (0, °°) be as in Lemma IV. 2. We call W a radially bounded starlike

tube (abbreviated RBS tube) if (b, *) —► ßb(x) and (b, x) —* yb(x) are contin-

uous on B x (F\{0}). Each Wb will be called a fiber of W.

By Lemma IV. 2 RBS sets may be regarded as special cases of RBS tubes.

Given A C B x F and a > 0, we let olA = {(b, ax)\(b, x) E A}.

Proposition IV. 3.  Let WEB x F be a RBS tube.   Then there is a homeo-

morphism h: B x F—► W such that h is the identity on YlW, h is fiber preserving

and on each fiber is ray preserving, and h(B x V) is closed in B x F for every

RBS set VCF.

Proof of IV. 3.   Let 8: [0, °°) —► [0, 1) be any homeomorphism which

is the identity on [0, Vl] . Define h: B x F—* W by h(b, x) = (b, 8(yb(x))ßb(x)),
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* =¿ 0, and h(b, 0) = (b, 0). Note that h~x(b, x) = (b, 8~l(yb(x))ßb(x)), * =¿ 0.

Since W is a RBS tube, both Ä and h~l are continuous. Clearly, h is the identity

on ViW, is fiber preserving and is ray preserving on each fiber.

Let V C F be a RBS set, and let (b, *) G (5 x F)Vî(5 x V). Then (2>, s*)

G W\h(B x V), some s < 1, so there are neighborhoods 0 of b in 5 and C/ of

s* in F such that Q xUC W\h(B x V).   Then (b, *) G 0 x (l/s)C/ C

(5 x F)\/z(8 x V).

Proposition IV. 4. Z,er B be a paracompact space, F a TVS with a basis

at the origin consisting of RBS sets. Then any neighborhood UofBx {0} in

B x F contains a RBS tube.

Proof of IV. 4.   Let {Va} be a locally-finite cover of B by open sets such

that for each a there is a RBS set Wa in F with Va x Wa C U.   Let {X^: B —*

[0, 1]} be maps such that X^'OP, 1]) C Va and {interior Xj'O)} cover B.  Let

W = {(b, x)EBxF\xE\J{\a(b)Wa}}.

Then W is open and each Wb is the finite union of RBS sets and hence is a RBS

set.  For each b E B, let ßb: F\{0} —» F\{0} and yb: F\{0} —* (0, °°) be the

maps associated with Wb, and for each a let ßa and ya be the maps associated

with Wa.  Fix (a, y)EB x (F\{0}).  Let G be a neighborhood of a meeting only,

say, Vai, • • • , VUn. Then, if (b, x) G G x (F\{0V), ßb(x) = max{Xa.(è)Ma,.(*)l

i = 1, •••,«}, so that (ô, *) —► ßb(x) is continuous. The continuity of (b, x)

—* yb(x) now follows since 1/7Ô(*) = ya(ßb(x))lya(x).

Theorem rV. 5.   Let B be a space, Fa TVS. Let Wv W2, W3, W4 be RBS

tubes in B x F with Wx C W2 C W3 C W3 C W4.   Then there is a homeomorphism

s = s(Wv W2, W3, W4): B x F—+B x F carrying W2 onto W3 such that s is

fiber preserving, ray preserving on each fiber, and the identity on WjL) [(B x F)\W4].

Further, s is ambient invertibly isotopic to the identity by an invertible isotopy

which is the identity on (W¡ U [(B x F)\W4]) x I.

Proof of IV. 5.   First assume the Wt are RBS sets. For i = 1, 2, 3, 4 let

jtt,-: F\{0} —* F and y¡: F\{0} —*■ (0, °°) be the maps associated with W¡. Re-

gard the elements on each ray of F as ordered via a homeomorphism onto [0, °°).

Then Mi (*) < ß2(x) < ß3(x) < ß4(x) and 7t(*) > 72(*) > y3(x) > y4(x). For

each * G F\{0} let

a(x) = 74 (x)hi (x),     b(x) = y4(x)ly2(x),

c(x) = y4(x)ly3(x),     d(x) = y4(x)/y4(x) = 1.
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On each ray the maps a, b, c, and d are constant, since y¡(rx) = ry,(*), and a <

b<c<d. Also, on Bd^), 7^*) = 1 so that a(x) = 74(*), etc.  For t EI

define ht: F —> F by

identity on ÏPX U (F\W4),

it=\[a + \^a~^b + i(c " ô)] ~ß)]M4 on ^W„

[b + t(c -b) + \z^O ~[b + t(c - b)])jß4 on W4\W2.

Then ht is a homeomorphism with inverse

identity on Wt U (FW4),

*r» = I D + » + £-,»)-« (* - fl)]M« on A^)W"

r   74 - [0 + í(c -b)]      1
l* + !-[» + «*-»)]   (1 - *>>4 on W*2).

Define h: F x I—*■ F x Iby h(x, t) = (ht(x), t). Then hl is the required homeo-

morphism s(W1, W2, W3, W4), and h is the required invertible isotopy.

Now, given RBS tubes Wl, W2, W3, W4, the required isotopy isS.BxFxI—*

B x F x I defined by S(b, x, t) = (b, (hb)t(x), t) where, for each b E B, (hb)t is

the homeomorphism constructed above for the RBS sets (Wy)b, • • • , (W4)b.

Definition. We say that two embeddings f, g: X —* Y are isotopic if there

is a homotopy, called an isotopy, H: X x I —* Y such that H0 =f,Hl = g, and

Ht is an embedding, t E I.

The following lemma and its proof, using our Theorem IV. 5, are direct

analogues of Lemma 5.1 in [11].

Lemma IV. 6.  Let B be a paracompact space, F a TVS having a basis at the

origin of RBS sets.  Let A C F be a fixed RBS set.  For each positive integer i,

let f¡: B x F —► B x F be an open embedding such that f¡ is the identity on

B x {0}, fj(B x F)CB x A, and f¡(B x V) is closed in B x F for each RBS set

V C F   Then there is a homeomorphism ofBxF onto the direct limit of

B xF-^B xF-^B xf-i' • •

which is isotopic to the inclusion of the first B x F into the direct limit.

V. Proof of Theorem II. 2.

Lemma V. 1. Let F be £°° or B*(b*), and let V be any neighborhood of

0 G F.   Then there is a closed embedding f: F —* F with f(F) C V.
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Proof of V 1.  If F = B*(b*), by Theorem II. 1 there is a homeomorphism

a: F—» g°°. We may assume a(0) = (0, 0, • • • ).  By [8, Proposition II. 1(a)],

a(V) D (U1 x U2 x ■ ■ • ) n g°° for some sequence {U¡} of neighborhoods of

0 G g.   Let h¡: g —* U¡ be a (closed) embedding such that A,.(0) = 0.  Then h =

(hv h2, ■ ■ ■ ): g°° —» g°° is a closed embedding with h(Q°°) C a(V). The re-

quired embedding is / = a~ lfa. If F = R°°, observe that R°° = lim B", where

B^ = {* G R\ llxll < n}. Hence, an argument like that given for g°° establishes

the existence of/

We regard l2 as all real sequences * = {*,•} such that ll*ll2 = 2|*,|2 < °°.

Lemma V. 2.  The natural bijections R°° x R°° —> R°° and l2(b) x l2(b) —+

l2(b) given by ((xv *2, • • • ), (yv y2, • • • ))—» (*,, yv x2, y2, ■ ■ • ) are

homeomorphisms.

Proof of V. 2.   Since R is locally compact, sets of the form [n"(- a,-, a,)]

n/?", a,. > 0, a( —► 0, form a basis at the origin in R°°. By the Banach-Dieudonné

theorem [6, Lemma 4, p. 427] a basis at the origin for l2(b) is all sets of the form

{* G /2| \(x, j>,.)| < 1,y( E I2, llj,.ll -> 0, z = 1, 2, • • • }.

The lemma follows immediately.

Proof of Theorem H. 2.   Assume first that F = B*(b*) where there is a

closed linear split embedding B ® B —* B.   In the notation of [9], any F-manifold

is a (C-1, ¿>*)-manifold modelled on B*.  By [9, Theorem II. 4] there is a closed

split (C-1, Z>*)-embedding /: M—>B*, and this/is a closed linearly split (topo-

logical) embedding M —*■ F.   This establishes (b).  For (a) regard M as an l2(b)-

manifold by Theorem II. 1, apply (b) and then Lemma V. 1.

Now assume F = R°°. By Lemma V. 2 there is a linear homeomorphism

R°° x R°° —> R°°, and by Propositions III. 1 and III. 2 M is regular and Lindelöf.

A proof like the proof of Theorem II. 3 in [9] now gives a closed, linearly split

embedding/: M—► R°°. This proves (b), and (a) follows by applying Lemma V. 1.

VI. Proofs of Theorem II. 3 and Corollary II. 4.

Lemma VI. 1. Let M, N, f. M —*■ N be as in Theorem II. 3.  Then there is

a locally-finite collection {U¡\i = 1, 2, • • • } of open subsets of N covering fiM)

such that each (U¡, U¡ n f(M)) is pairwise homeomorphic to (0¡ x F¡, 0¡ x 0),

where 0¡ is open in E¡ and E¡ and F¡ are closed linear subspaces of F such that

F^EfXFi (Fas in §11).

Proof of VI. 1.   By Theorem II. 1, F is a CDLCMS.  By Propositions III. 1

and III. 2, every subspace of N is Lindelöf and paracompact.  Let {W¡\i =1,2,

• • • } be a countable cover of fiM) by open subsets of N such that for each /'
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there is a homeomorphism 0,-: (W¡, W¡ n /(Ai)) —► (D¡ x G¡, D¡ x 0), where D¡

is open in E¡, G¡ is open in F,-, and E¡ and F,. are closed linear subspaces of F

such that F = E¡ x F¡.  Let {F,.} be a precise locally-finite refinement of {W¡}

in paracompact Ui^,}.  Regard 0,(F,- n /(A/)) as a subspace of F,-, and note that

it is paracompact.  By Theorem IV. 1 F, and hence F¡, has a basis at the origin of

RBS sets. We have

0,(F,. n/(Af)) x 0 C [0,.(F,. nfiM)) x FA n 0,.(F,-)

C0,.(F,.n/(Af))xF,..

By Propositions IV. 3 and IV. 4 there is a RBS tube 5",. in [0,(F,. n fiM)) x F,] D

0,(F,) and a homeomorphism X,-: S, —► <t>¡(Vi n /W) x F¡ which is the identity

on 0,(Ff n /(A/)) x 0-  Letting C/*j = 4>¡'1(S¡) we obtain the required cover of A''.

Proof of Theorem n. 3.   Let /: Af —► N be a closed split embedding. Let

{U¡\i = 1, 2, • • • }, F,., F¡, 0¡ be as in Lemma VI. 1, and let

0,.: (U¡, U, n fiM)) -+ (0, x F„ 0, x 0)

be a homeomorphism of pairs.  Let V¡ = U¡ O /(Ai)-

Since Fj U V2 is normal (Propositions III. 1 and III. 2) we can find A x C

Vv A2 C F2 such that Ax and yl2 are closed in Vl U F2 (and hence in t/x U

U2), and Fj U F2 = Int Ay U Int A2, where Int .4,- is the interior of A¡ in

Vt U V2, i = 1, 2. Again by normality, choose Gx open in Ul U i/2 such that

^2 C G1 C Gj C U2, where Gj is the closure of Gx in Ui U f72.

In what follows we identify subsets of 02 x {0} with subsets of Q2. Choose

G2 open in 02(4 j 0,42) x F2 such that

4>2(At n ¿2) cGjCCjC 02(r/x nif2n Gt) n [p2(Al n ¿2) x F2],

where G2 is the closure in (¡t^A^ n ^42) x F2.  Let G3 be an open subset of

4>2(A2) x F2 such that G2 = G3 n [^(Aj^ n ,42) x F2], and let G4 = G3n

<j)2(A2). Choose G5 open in <p2(A2) such that 02O4X n yl2) C G5 C Gs C G4,

where Gs is the closure in <p2(A2).  Let

G6 - (G3 U [(02O42)\GS) xf2])n 02(Gt).

Then G6 is a neighborhood of 4>2(A2) in 02O42) x F2.  By Propositions IV. 3

and IV. 4 there is an open subset G7 of G6 such that 02(42) C G7 C G7 C G6,

where G7 is the closure in <p2(A2) x F2, and a fiber preserving homeomorphism

0: (G7, G7) —► (<p2(A2) x V, <p2(A2) x V), where 0 is the identity on 02O42) x

0, F a RBS set in F2, and V the closure of F in F2. Note that 0J '(G,) is closed

in G,, and hence also in U, U U2.
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Let W2 = [i/,\02'(G,)] U 02 l(G1). Then W2 is open in Ut U £/2 and

contains Fj U F2. We construct a retraction r2: W2 —► W2 n /(AT) = Fx U F2.

Let X: ¿2 —* [0, 1] be a map such that X(^2\Int A2) = 1 and X(A2\Al) - 0.

Let Int <p2(A2) be the interior of 4>2(A2) in 02. Define r'2: W2 —* U1 U r/2 by

|0210-1(02(a),X(a)u),

r2(*) = if * = 02 1 t-^m, v)E<¡>210" »(Int 02C42) x F),

( *,   otherwise.

Then r2 is continuous, r2 is the identity on Ft U F2, and r'2(W2) C (f/j n W2)

U F2.  Let / = r'2(W2).  Let r,: tf, —* F, « tf, n /(/W) be the retraction ob-

tained by projection via the homeomorphism <px. Define r\: I —► Vx U F2 by

r\(x)

¡r^x),   if * El nUlt

*,        if*GA^.

Then r2 = r\ ° r'2 : W2 —*■ Fx U F2 is a retraction.

Inductively, as above, construct open subsets Wk of N such that Wk C Wfc_j

U /7fc, !Vfc D Fj U • • • U Vk, Wk D Wk_1\Uk and then retractions rk: Wk —*

V1 U • • • U Vk such that rk = rk_, on Wk_ ,Wk, fc > 2.  Define PV and r:

W—»/(AT) as follows.  Given * G \J{Uj\i = 1, 2, • • • }, let n(x) = max{/|* G f/,}.

Then * G W iff * G Wn(x). If * G IV„(j()) then define r(x) = /-„(x)(*).  Then IV

is a neighborhood of fiM) in A^, and r: W —► f(M) is a retraction.

Proof of Corollary II. 4.   If F = Z?*(ô*), we may regard Af as an

/f(Z>*)-manifold.  Thus, the corollary follows from Theorems II. 2(b) and II. 3.

VII. Proofs of Theorems II. 5 and II. 6 and Corollary II. 7.

Lemma Vu. 1.  Let X be a paracompact space, F a TVS having a basis at

the origin of RBS sets (see §IV). If A is closed in X and U is a neighborhood of

A x 0 in A x F, then there is an X-preserving (i.e. /({*} x F) C {x} x F, * G X)

open embedding f: X x F —*■ X x F such that fix, 0) = (*, 0) for each x EX

andfiA xF)CU.

Proof of VII. 1.   Let F be an open subset of X x F such that F n (A x

F)= U.   Let W = F U ((X\A) x F).  By Proposition IV. 4 W contains a RBS

tube. The desired embedding X x F—> X x F is guaranteed by Proposition IV. 3.

Definition (e.g. [5, p. 248] ). A space is a k-space if it has the weak

topology determined by the family of its compact subspaces.

If Y = (Y, y0) is a pointed space we denote by Y°° the direct limit of the

sequence



306 R. E. HEISEY

yl A_> y2 A* y3 À» . . .

where /„: Y" -> Y"+» is defined by jn(yx,;• •, y„) - (ylt • • •, ym y0).

Theorem VU. 2. Let F be a TVS homeomorphic to X°°, where X =

(X, *0) is a pointed locally compact space.  Let B be a paracompact space such

that B x F is a k-space.   Then (a) any locally trivial bundle with base B and fiber

F is trivial, and (b) //, also, F has a basis at the origin of RBS sets, then any

microbundle with base B and fiber F is trivial.

Proof of VII. 2.   The proof of (a) is like the proof of Theorem 1 in [3],

using [8, Corollary II. 5] in place of [3, Lemma 2.3]. The proof of (b) is like

the proof [3, Theorem 2] using [8, Corollary II. 5] and our Lemma VII. 1 in

place of [3, Lemma 4.1] and [3, Lemma 4.2].

Lemma Vu. 3.  If F = B*(b*) or R°° and if M is a paracompact F-manifold,

then M x F is a paracompact F-manifold.

Proof of VU. 3.   We may assume M is connected.  By Theorem II. 1 and

Lemma V. 2, F = F x F.  Thus, Ai x F is an F-manifold.  Since F and Af are a-

compact and regular (Propositions III. 1 and III. 2), so is Af x F.  Thus, M x F

is regular Lindelöf, and, hence [5, p. 174], paracompact.

Proof of Theorem B. 5.   By Theorem II. 1, B*(b*) ^ g°°. By Theorem

IV. 1 both B*(b*) and R°° have a basis at the origin consisting of RBS sets.  By

Lemma VII. 3, Ai x F is a paracompact (and connected) F-manifold.  Thus, by

Proposition III. 2 Af x F is a CDLCMS, and hence a fc-space. Theorem II. 5 now

follows from Theorem VII. 2.

Proof of Theorem H. 6.   By Theorem II. 3 fiM) is a neighborhood retract

of N  The proof of Theorem II. 6 proceeds just as the proof of Theorem 2 in

[11].  In place of "the theorem of [10] " used in [11], we appeal to Theorem

II. 5. In place of "Lemma 2.1 of [10] " we use the appropriate analogue, proved

easily using our Propositions IV. 3 and IV. 4.

Proof of Corollary Ü. 7.   By Theorem II. 1 we may assume F = i?°°

or F = l2(b). The result then follows from Theorems II. 2 (b), II. 6 and Lemma

V. 2.

VIII. Proof of Theorem II. 8.  In this section let E denote either R°° or

l2(b).

Lemma VIA. 1.   Let M and N be paracompact, connected E-manifolds,

g: M—*Na closed embedding.   Then (g,0): M —* N x E is a closed, linearly

split embedding.
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Proof of VIH. 1. Clearly (g, 0) is a closed embedding.  By Theorem II. 2

(b) there is a closed, linearly split embedding h: M —> E.   By Propositions HI. 2

and III. 3 there is a map A: A' —> E such that A = hg~ ' on g(M).  By Theorem

II. 3 there is a neighborhood W of h(M) in E and a retraction r: W —► h(M).  Let

T = gh~lr: W—>N.   Fix (g(m0), 0) G (g, 0)(M). Since h is linearly split at m0,

there is an open set F C W such that h(m0) G F and a homeomorphism 0: (V,

V n h(M)) —► (Fj x F2, Fj x 0), where F,- is open in F,-, F,, a closed linear

subspace of E, i = 1, 2, and E is linearly homeomorphic to Fj x F2.  By Theo-

rem IV. 1 and Proposition IV. 3 there is a neighborhood U of g(m0) in N and a

homeomorphism /: (Í7, g(mQ)) —► (F, 0).  Define a: N x E —*■ E by a(*. j>) =

A(*) + y. Choose neighborhoods 01 of g(m0) in Af and 02 of 0 G F such that

a(0j x 02) C F and then neighborhoods 03 of g(m0) in 0j n [/ and 04 of 0

in 02 such that T ° ct(03 x 04) C U.   Define 7: 03 x 04 —> E x (Vl x V2) by

y(x, y) = Q(x) - ;T(A(*) + y), 0(A(*) + y)).

Then 7 is a homeomorphism with inverse

7-'(a. ¿) = (j-! [« + ;T0- • (b)], 0- '(6) - AT ' [« + /T>" ' (*)] ).

One can show that the expression defining y~l is defined (and continuous) on a

neighborhood of each 7(*, y) E y(03 x 04). Thus y(03 x 04) is open in E x

(Fj x F2).  Since

7[(ö3 x 04) n (g, 0)(M)] - 7(03 x 04) n (0 x Fj x 0)

and F x F is linearly homeomorphic to F, we obtain a linear splitting for (g, 0)

at (g(m0), 0).

Lemma VUI. 2.  Let M, N and E be as in Lemma VIII. 1. Let A C M be

closed, and let g: M —► N be a map such that g restricted to A is a closed embed-

ding.  Let V be any neighborhood ofOEE.   Then there is a closed linearly split

embedding g: M —*■ N x E such that g(a) = (g(a), 0) for every a E A, g (M) C

g(M) x V, and g is homotopic to g x 0 in g(M) x V.

Proof of VIB. 2. By Lemma V. 2 there is a linear homeomorphism r. E x

F —> E.   Let 0 be a convex neighborhood of 0 G F such that t(0 x 0) C F (see

Theorem IV. 1).  Let W be a circled, convex neighborhood of 0 G F such that

W + W C 0. By Theorem II. 2(a) there is a closed embedding h: M —+ E with

h(M) C W.  By Propositions III. 2 and III. 3 there is a map A: N —*■ E such that

A = hg~l on g(A) and A(A0 C W.  Define g: M —* N x E by g(m) = (g(m),

Ag(m) - h(m)). Then g is a closed embedding with g(M) C g(M) x 0.  By

Lemma VIII. 1, (g7 x 0): Af —> N x E  xFisa closed, linearly split embedding.
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Then g = (id^ x r) ° (g x 0): Af —> N x F is the desired embedding.

Lemma VB3. 3.   Let V be a convex, radially bounded neighborhood of the

origin in TVS L, x0 E V.   Then there is an invertible isotopy p: L x I—* L x I

such that p0 = id, pt(0) = *0, and p = id on (L\V) x I.

Proof of Vfll. 3. Assume *0 ¥= 0.  Let Rx   be the ray in L through *0,

and let e > 0 be such that Rx   n F = {rxQ\0 < r < 1 + e}.  Let

F, = (e/8(l + e))F, F2 = (e/4(l + e))F,

F3 - [(1 + e/4)/(l + e)]F,       F4 = [(1 + e/2)/(l + e)]F.

Each V¡ is a RBS set, and by Theorem IV. 5 there is an invertible isotopy H: L x

I—* L x I such that H0 = id, Hx is ray preserving, Hl(V2)= F3, and H is the

identity on (L\V4) x /.   Let a: L x I —> L x I be the homeomorphism a(x, t) =

(x + t(e/4)x0, t).  Since (e/4)*0 G Bd(F2), H(a(0, 1)) must be (1 + e/4)*0, the

unique point on Bd(F3) O Rx     The required isotopy is p = oT1 o H o a.

Proof of Theorem B. 8.   Let M, N, F, f, g: M—* N x {0} C N x F and

F be as in Theorem II. 8.  By Theorems II. 1 and IV. 1 we may assume F is R°°

or l2(b) and that F is convex and radially bounded.  By Lemma VII. 3 N x F is

a paracompact, connected F-manifold.  Let t. F x F x F—> F be a linear homeo-

morphism.  Let W be a convex, radially bounded neighborhood of 0 G F such that

t(W x W x W) C V, x0 E W\{0}.  Regard g as mapping into N, and define

g':M-^-N x F by g'(m) = (g(m), *0).  By Lemma VIII. 1 and Theorem II. 3

there is a neighborhood 0 of/(Af) in N x W and a retraction r: 0 —► f(M). We

may assume 0 is connected.  Regard IC F, and let r: 0 x F—► 0 x / be a re-

traction.  Since g is homotopic to / in A^ x W, there is a homotopy X: 0 x I —►

NxW with X0 = //-lr = r and \ = g'f~ir.

Consider Xr': 0 x F'—+ N x F.   By Lemmas VII. 3 and VIII. 2 there is a

closed split embedding k: 0 x F—*N x F x F with íí(Oxí)CJVxR'xII',

k(fim), 0) = (f(m), 0), and k(fim), 1) = (g'(m), 0) for every m G Af.   By Theorem

II. 6 there is an open embedding k: 0 x F x F —> N x F x F x F with k(x, y, 0)

= (k(x, y), 0), all (*, y) G 0 x F.   By normality we can find an open set U in

N x F x F with

k(0 x F x {0}) C UC i/C A(0 x F.x F) n (N x W x W x W),

U the closure ofUinNxFxFxF.   By Propositions IV. 3 and IV. 4 there is

an open embedding h: 0 x F x F—*■ k-1(U) such that A is the identity on

0 x F x {0} and h(0 x F x W) is closed in 0 x F x F.  This implies

kh(0 x F x W) is closed in fj

Define a homeomorphism /: 0 x F x F x I —* 0 x F x F x I as follows:
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Let 7 = yw: F\{0} —* [0, °°) be as in Lemma IV. 2.  Let 5 : [0, °°) —*■ I be a

map such that S([0, %]) = 0 and 6([1, °°)) = 1. Then 8': F—+I defined by

Ô' = 8y on F\{0} and 5'(0) = 0 is continuous.  Note that 8'(F\W) = 1.  Let

/(*, y, z, t) = (*, y + t(l - 8'(z)), z, t). Define a homeomorphism /: N x F x

F x I—>NxFxFxFxI by

l(khx id) o / o (kh x id)-1,   on kh(0 x F x F) x I,

(id,   off (Ich x id)(0 xF xW xl).

Note that (j)0 = id, j(fim), 0, 0, 1) = (g'(m), 0, 0, 1), and / is the identity off

NxWxWxWxL   Let

T = idxrxid:ATxFxFxFx/—»-ArxFx/;

Then / = t ° / ° t~1: N x F x I —► AT x F x /is an invertible isotopy with

0")0 = "*, (j')(f(m), 1) = (g(m), t(xq, 0, 0), 1), and f the identity on N x (F\V)

x /.   An application of Lemma VIII. 3 now gives the required invertible isotopy.

IX. Proof of Theorem II. 9.  Let /: Af —* N, g: N —*■ M be homotopy

inverses.  By Theorem II. 1 we may assume thatF = F°° or F = l2(b). By Lemma

VIII. 2 there is a closed split embedding / Af —» N x F.   Let r: F x F —> F be

a linear homomorphism (see Lemma V. 2), and define f: M x F —> N x F by

f\m, x) = (/,(m), T(f2(m), *)), where / = (ft, f2). Then / is a closed split embed-

ding homotopic to / x id.  Similarly, define g: N x F —*■ M x F.

The proof now proceeds as the proof of Theorem 4, in [11].  Use our

Theorem II. 6 where Henderson applies his Theorem 2.  In place of his Ft, sub-

stitute a fixed RBS set A C F.   In place of his "Lemma 1.2 of [10] " use our

Propositions IV. 3 and IV. 4. Substitute an arbitrary RBS F for his "Fa". Finally,

apply our Theorem II. 8 and Lemma IV. 6 where he applies his Theorem 3 and

Lemma 5.1, respectively.

X. Proof of Theorem II. 10.

Lemma X 1. Let F = R°° or B*(b*).  Then any open subset of F has the

homotopy type of a CW-complex.

Proof of X 1.   Let W C F be open. Write F = \J{C{\i = 1, 2, • • • },

where each C¡ is a compact, convex, metric space, C¡ C C,+ 1, and F = lim{C,}.

(For F = B*(b*) let C{ = {* G B*\ 11*11 < /}. Then C,- is compact and metric by

Ataoglu's theorem [6, pp. 424, 426].  For F = F", let C¡ = {* G R'\ 11*11 < i}.)

Then W ■ lim{W n C¡, /¡}, where /,•: Wnq-^-Wn Ci+ y is the inclusion. By

Dugundji's extension theorem, [5, p. 188], each C¡ is an AR (metric).  Hence,

each W O C¡ is an ANR (combine Proposition 6.5 and Proposition 7.9 in Chapter
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HI of [12]).  By Corollary 6.4 of [7], W has the homotopy type of an ANR and,

hence [7, Lemma 6.6], of a CW-complex.

Theorem II. 10 will now follow from the following theorem.

Theorem X 2.   Let M be a paracompact manifold modelled on the TVS L,

where each open subset of L has the homotopy type of a CW-complex.   Then M

has the homotopy type of a CW-complex.

The proof of X. 2 uses the following definition and theorem of T. torn

Dieck [4] :

Definition [4]. A covering {Ea\a EA} of a space F is called numerable

if there is a locally finite partition of unity {ta\a EA} such that

i->((0, l])CFa,   each a.

Theorem [4, Theorem 4].   Let U = {Xa\a EA} be a numerable covering

of a space X. If, for each nonempty a C A,  C\{Xa\a E a} has the homotopy

type of a CW-complex, then X has the homotopy type of a CW-complex.

Proof of Theorem X 2.   Let {0a\a G A} be a locally finite cover of Af

by sets homeomorphic to open subsets of L.   Since Af is paracompact, {0a} is

numerable.  Let a C A be such that ("KÖJa G a} ¥= 0. Then a must be finite,

so ri{Oa|a G a} is homeomorphic to an open subset of F, and, hence, has the

homotopy type of a CW-complex.  Theorem X. 2 now follows from the theorem

of T. torn Dieck.

XI. Proof of Theorem II. 11.  If U is an open subset of g°° we write U"

for C/ng".

Lemma XI. 1. Let U be an open subset of g°°. Then U has a basis of open

subsets {Wa\a E 31} such that each Wa is convex and each Ua H g" is relatively

compact in If.

Proof of XI. 2.   Let

C= {wa = (Wai xwa2x---)n g~|K/a. c g,

Wa. convex and open, W~a C U}.

Here Wa is the closure of Wa in g°°.  By [8, Proposition II. 1], and since g°° is

regular, it follows that C is a basis for U.  The closure of each Wa D g" in U"

equals the closure of Wa n Q" in Qn and is hence compact.

Definitions.   A map /: X —► Y is proper if the inverse image (under f) of

any compact subset of Y is compact.  Let / and g map X into Y.  Let U be any

open cover of Y.  Then / and g are U-close if for each * G X there is a U G U

with {fix), g(x)} C U.   If H: X x I —* Y is a homotopy, then H is limited by
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U if, for each * G X, H({x} x I) C U for some U G (J.

Lemma XI. 2 (cf. [1, Lemma 2.2]).   Let X and Y be spaces, and let U be

any locally finite cover of Y by relatively compact open sets.  Let f and g be maps

of X into Y such that f and g are U-close and f is proper.   Then g is also proper.

Proof of XI. 2.   Let U = {Ua}.  Let A C Y be compact.  Since {Ua} is

locally finite, A meets only finitely many of the i/a's, say Uit • • •, Un.  Let

C = \J{UAi = 1, • • • , n}.  Let * Gg~l(A). There is an a with {g(x), fix)} C

Ua.  But then Ua must be £/,-, some / < «. Thus, fig~l(A)) C C, which is com-

pact.  Hence,g~l(A) is a closed subset of the compact f~l(C) and is therefore

compact.

The following theorem is implicit from the Addendum of [2].

Theorem (Anderson-Schori [2]). Let 0 C g be an open set, U any open

cover of 0.   Then there is a homeomorphism h: Q x 0 —► 0 such that for every

(x.y)EQx 0 there is a U E U with {y, h(x, y)} C U.

Proof of Theorem B. 11.   By Theorem II. 1 we need only show that

UxQ~ ~U, where Uis open in g°°.  Let /„: If -*■ lf + 1 and /„: If x g" -*•

lf+l x g"+1 be the natural inclusions. We first construct a sequence of homeo-

morphisms h„: If —* If x Q", n > 1, such that hn+lin and jnhn are properly

homotopic.  By Proposition III. 1 U is paracompact. Thus, by Lemma XI. 1,

there is a locally finite cover (/ of U such that F" is relatively compact in If for

each F G 1/ and then a refinement C of f consisting of convex open sets.  By [5,

Theorem 3.5, p. 168] there is an open barycentric refinement W of C.  Let W" =

{W n Qn\W E W}.  Let p„: If x Qn —*■ If be the projection.  By the theorem

of Anderson and Schori there is a homeomorphism hn: If —> U" x Q" such

that, for each xElf, {*, pnhn(x)} is contained in some element of W". Con-

sider the diagram

lf-^—*lf+l

If x g"     '"   )  lf+l x g"+I.

Let * G If. There is a Wx E W such that {*, p„h„(x)} C W", and hence {/„(*),

P,+ i/AWl C Wn+l. There is a W2 E W such that {i„(x),Pn+lhn+lin(x)} C

W^+1. Thus, {p„+ih„+1i„(x), P„+ljnh„(x)} is contained in the star of /„(*)

with respect to W, and hence in some CE C. Since C is convex, we can define a

homotopy//: If x /—» lf+ï x gn+1 by

'n+l
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//(*, í) = (1 - t)j„h„(x) + thn+li„(x).

Then H0 = jnhn which is proper, and Hx = hn+1in. Also, H is limited by

{Fn+1 x g" +1 \VE I/}, and it follows, using Lemma XI. 2, that H is proper.

We now define a sequence of homeomorphisms gn : If —► If x Q" such

that gn+lin=jngn.  Let g1=hi. Then/1g-1 and A2/j are properly homotopic

maps onto Z-sets in Ü2 x Q2. By the main theorem of [1] there is an invertible

isotopy G: t/2 x g2 x / —► L/2 x Q2 x I such that G0 = id and G^z'j =jlgl-

Let g2 = Gj/i2. Then g^/j ^fiB\, and/2g2 is properly homotopic to h3i2. Con-

tinuing inductively we obtain the desired sequence {gn\n = 1, 2, • • • }.  The

sequence {gn} induces a homeomorphism

g: lim {If, /„} -* Urn {If x Of1, /„}.

But lim{U", /'„} = <7, and lim{lf x Q", /„} = Ü x g°°. (The last assertion is a

consequence of [8, Corollary III. 1].)
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