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ABSTRACT. Let R” = lim R", and let B*(b*) denote the conjugate, B*,
of a separable, infinite-dimensional Banach space with its bounded weak-* topology.
We investigate properties of paracompact, topological manifolds M, N modelled on
F, where F is either R” or B*(b*). Included among our results are that locally
trivial bundles and microbundles over M with fiber F are trivial; there is an open
embedding M — M X F; and if M and N have the same homotopy type, then
M X F and N X F are homeomorphic. Also, if U is an open subset of B*(b*),
then U X B*(b*) is homeomorphic to U. Thus, two open subsets of B*(b*) are
homeomorphic if and only if they have the same homotopy type. Our theorems
about B*(b*)-manifolds, B*(b*) as above, immediatél)} yield analogous theorems
about B(b)-manifolds, where B(b) is a separable, reflexive, infinite-dimensional
Banach space with its bounded weak topology.

0. Introduction. Let R™ =lim R", and let B*(b*) denote the conjugate,
B*, of a separable, infinite-dimensional Banach space with its bounded weak-*
topology. The bounded weak-* topology is the finest topology agreeing with the
weak-* topology on bounded sets. (The weak-* topology on B* is the smallest
topology on which all the linear functionals {X|x € B} are continuous where
X(a) = ox).) We investigate properties of paracompact, topological manifolds,
M, N, modelled on F, where F is either R™ or B*(b*). Included among our re-
sults are that locally trivial bundles and microbundles over M with fiber F are
trivial; there is an open embedding M — M x F; and if M and IV have the same
homotopy type, then M x F is homeomorphic to N x F. We also show that if
U is open in B*(b*), then U x B*(b*) is homeomorphic to U. Thus, two open
subsets of B*(b*) are homeomorphic if and only if they have the same homotopy

type.
Any theorem about B*(b*)-manifolds, B*(b*) as above, yields an analogous
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theorem about B(b)-manifolds where B(b) is a separable, reflexive, infinite-dimen-
sional Banach space with its bounded weak topology. This is because, if B is
separable and reflexive, then B* is separable, and the natural isomorphism B —
(B*)* identifies the bounded weak topology on B with the bounded weak-*
topology on (B*)*.

Interest in bounded weak topologies has arisen recently in global analysis.
In [14, §3] Richard Palais, commenting on work of J. Dowling, R. Graff and K.
Uhlenbeck, observed that many Banach manifolds of sections possess a natural
atlas such that the transition maps, in addition to being smooth, preserve the
bounded weak topology. It is hoped that study of topological manifolds modelled
on bounded weak topologies will add some insight to these manifolds with “extra
structure”.

The author gratefully acknowledges the generous advice and encouragement
of his thesis advisor, David W. Henderson.

I. Notation. Our “spaces” are Hausdorff and our “maps” continuous. We
use B to denote a separable, infinite-dimensional Banach space, B* its conjugate,
b* the bounded weak-* topology, and B*(b*) the space B* with its b* topology.
(Note [6, Corollary 5, p. 428] that B¥(b*) is a TVS (real topological vector space ).
We also write LCTVS for a locally convex TVS.) We let 7 = [0, 1], Q the Hilbert
cube, which we regard as the countably infinite product of J = [~ 1, 1], R the
reals, R™ = li_r’n {R",i,} and Q” = lim Q% 5,}, where-in(xl, T, X,)=
Gttty Xy, 0), ]-n(xl’. Cx) = (X, X, 0).

II. Statement of results. First, we state a result from [8] that we will need.

THEOREM IL. 1 ([8, THEOREM IL. 6]). B*(b*) is homeomorphic to Q. In
particular, B¥(b*) is homeomorphic to 1, (b).

Thus, any (topological) B*(b*)-manifold may be regarded as an I,(b)-mani-
fold. Since the canonical isomorphism !, — I$ identifies the bounded weak and
bounded weak-* topologies, we identify I,(b) with /5(b*) when convenient.

DEFINITION. Let E be a TVS, M an E-manifold and X a space. A map
f: X — M is said to be (linearly) split at x € X if there is a neighborhood ¥ of
fx) and a homeomorphism of pairs ¢: (V, V N X)) — Vy x V,, V; x {0})
where V; is open in E;, i = 1, 2, and E, and E, are closed linear subspaces of £
such that E is (linearly) homeomorphic to E; x E,. If f is (linearly) split at each
x € X, we say f is (linearly) split.

For the remainder of this section, let F denote either B*(b*) or R™. Let
M and N denote paracompact, connected F-manifolds. We establish the followmg
results.
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THEOREM II. 2. (a) There is a closed embedding f: M — F. If V is any
neighborhood of 0 € F, we may take f{(M) C V. (b) If F =R or if F = B*(b*)
where there is a closed linear split embedding B © B — B, then there is a closed
linearly split embedding f: M — F.

Since F is not first countable (see [9, Proposition III. 1(e)] for the case
F = B*(b*)), it is not metrizable. Thus, F-manifolds cannot be ANR (metric).
However, we do have:

THEOREM II. 3. If f: M —> N is a closed split embedding, then f(M) is a
neighborhood retract of N.

CorOLLARY II. 4. M is homeomorphic to a closed neighborhood retract of
F.

THEOREM 1. 5. Any microbundle and any locally trivial bundle with base
M and fiber F are trivial.

Our proof of Theorem II. S is patterned after proofs of Chapman in [3].
Chapman’s hypotheses include that the fiber be homeomorphic to its countably
infinite cartesian product. This is not true of B*(b*) or R*. However, both
B*(b*) and R™ are homeomorphic to their countably infinite direct limit (combine
Theorem II. 1 and [8, Corollary III. 3]). This was used crucially in establishing
[8, Corollary II. 5], one of the main tools used in the proof of Theorem II. 5.

THEOREM II. 6. If f: M —> N is a closed split embedding, then there is an
open embedding g: M x F —> N x F such that g(m, 0) = (f(m), 0), each m € M.

CoROLLARY II. 7. There is an open embedding M x F — F.

DEFINITION. Two embeddings f, g: X — Y, X and Y spaces, are ambient
invertibly isotopic if there is a level preserving homeomorphism (called an invert-
ible isotopy) h: Y x I — Y x I such that h(x, 0) = (x, 0) and h(f(x), 1) =
(gx), 1),allx € X.

THEOREM II. 8. Any two homotopic closed embeddings f, g: M — N x
{0} C N x F are ambient invertibly isotopic in N x F. Further, given any neigh-
borhood V of 0 € F, the invertible isotopy may be taken to be the identity on
N x (F\V) x L

THEOREM II. 9 (STABLE CLASSIFICATION). If f: M — N is a homotopy
equivalence, then there is a homeomorphism h: M x F — N x F such that h is
homotopic to f x id.

The proofs of Theorems II. 6, II. 8, and II. 9 are modelled after proofs of
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Henderson in [11]. Henderson’s theorems, however, assume that the model is a
metrizable LCTVS homeomorphic to its countably infinite cartesian product. As
mentioned above, B¥(b*) and R™ are not metrizable and are not homeomorphic
to their countable cartesian product. Also, since B*(b*) and R are not first
countable, they cannot be open cones. In [10, Lemma 1.1] Henderson showed
that any metrizable LCTVS is an open cone, and he used this crucially in estab-
lishing his stable classification theorem. The concept that takes the place of
“being an open cone”, here, is the property of having a basis of radially bounded
starlike sets. §IV develops the needed auxiliary results related to this property.

The following theorem follows from work of Hansen [7] and T. tom Dieck
[4] (see §X).

THEOREM II. 10. M has the homotopy type of a CW-complex.

THEOREM IL. 11. If U is an open subset of B*(b*), then U x B*(b*) = U.

Our proof of Theorem II. 11 relies heavily on the work of Anderson and
Schori [2] and Anderson and Chapman [1].
The following is immediate from Theorems II. 9 and II. 11.

CoROLLARY II. 12. Two open subsets of B*(b*) are homeomorphic iff
they have the same homotopy type.

III. Some preliminaries.

DEFINITION. We call a space X a countable direct limit of compact metric
spaces (CDLCMS) if X = J{C,li = 1, 2, - - -}, where each C; is a compact metric
space, C; C C;,,,and 0 C X is open in X iff 0 N C; is open in C;, each i.

Examples are R*, Q” and, e.g. by Theorem IIL. 1, B*(b*).

ProrosITION III. 1. Let X be a CDLCMS. Then every subspace of X is
regular, separable, Lindelof, and paracompact.

Proor ofF III. 1. By Proposition 4.3 of [7], X is regular and Lindelof. By
a theorem of Morita [5, p. 174], X is also paracompact. Since subspaces of regu-
lar spaces are regular, every subspace of X is regular. Let O be open in X =
U{Cli=1,2,---}. Each 0 N C; is Lindelof and locally compact, so 0 N C; =
U{K,-,-l]’ =1,2,---}, where each K,.j is the closure of a relatively compact neigh-
borhood in 0 N C;. Thus O is the countable union of compact sets and hence
Lindelof. Now let A be any subset of X, and let {V, = U, N A} be an open
cover of A4, U, open in X. Since U= U{Ua} is Lindelof, there is a countable
subcover of {U,}, and hence also of {V,}. Thus, every subspace of X is Lindelof.
By Morita’s theorem, again, every subspace of X is paracompact. Finally, given
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ACX ANC, is separable since it is metric and Lindelof. Thus, 4, the countable
union of separable spaces, is separable.

ProrosITION II. 2. Let F be a TVS which is a COLCMS. Then any para-
compact, connected F-manifold, M, is a CDLCMS.

ProoF oF II. 2. Let 0 be open in F, F = UJ{C;li=1,2,- -+ }. We have
ong = U{K,-i} as in the proof of Proposition III. 1. Since 0 = li_J;n(O NGy,
it follows that ( is a CDLCMS. By Proposition III. 1 each open subset of F is
Lindel¢f. Thus, by [9, Proposition III. 4] M is Lindelof. Thus, M = J{0,li =
1,2, -+ } where each (); is homeomorphic to an open subset of F. Since each
0; is a CDLCMS, it follows easily that M is also.

ProrosiTiON III. 3. Let X be a CDLCMS, F a LCTVS. Then any map
f: A— F, A closed in X, extends to a map f': X — F such that f'(X) C convex

hull (f(A4)).

Proor oF III. 3. Using Dugundji’s extension theorem [5, p. 188] in place
of Tietze’s extension theorem, the proof is like that of [7, Proposition 4.3(i)] .

IV. Radially bounded starlike sets. If F is a TVS and y € F\{0} let Ry =
{oyla € [0, =)}, the ray through y. If WC F and a €R, let aW = {aw|w € W}.

DEFINITION. A starlike set in a TVS F is a neighborhood U of the origin
such that each ray from the origin intersects U in a connected interval and inter-
sects Bd(U), the topological boundary of U, in at most one point.

It is an easy exercise to show that any convex neighborhood of the origin
is starlike.

DEFINITION. A subset of TVS is radially bounded if it intersects each ray
(from the origin) in a bounded set.

Recall that a set C in a TVS is circled if A\C C C, all |\| < 1.

THEOREM IV. 1. B*(b*) and R™ have bases at the origin of radially bound-
ed, circled, convex (and hence starlike) neighborhoods.

PrOOF OF IV. 1. Since R is locally compact, it follows that
{2, (- o;, @)] N R%|o; > 0, a; — O} is a basis at the origin in R™; and each
set in this collection is radially bounded, circled and convex.

By the Banach-Dieudonné theorem [6, Lemma 4, p. 427], sets of the form
{x* € B¥| Ix*(x)| <az i=1,2,- -+, lx;l = 1, loy;| — o°} are a basis at the
origin in B*(b*). Since B is separable metric, there is a sequence {dli =1, 2,
-++} C {x €B| lxll = 1} such that the closure of {d;} is {x € B Ixl = 1}.
Given
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U= {x*eB* Ix*x)| <oy i=1,2,- -+, lIx;l =1, loy| — oo},

let V= {x*€B* Ix*()| <B;, i=1,2, -} where y; = X4, 1)2, B; =

@4 1)z if i isodd and y; = d;),, B; = i if i is even. Then V'is a convex, circled
neighborhood of 0 € B*(b*) contained in U. Also, V is radially bounded. To see
this, let x* € B*\{0}. Then [x*(d;)] = § >0, some j. If &> (2))/8, then
[@x*)(¥2p)] = I(ex*)(d;)| > 2, so that cx* & V.

Notation. We write “RBS” for “radially bounded starlike”.

Note that the boundary of a RBS set intersects each ray in exactly one
point.

DEFINITION. Let V be a RBS set in the TVS F. Define uj: F\{0} —
F\{0} by letting u,/(x) be the unique point in Bd(V) N R,. Define y;: F\{0}
— (0, =) by x = v, () (x).

Note x € V iff v,,(x) <1, and v, (ax) = oy (x) all @ > 0.

LEMMA IV. 2. If Vis a RBS set in the TVS F, then uy,: F\{0} — F\{0}
and vy: F\{0} — (0, =) are continuous.

PRrOOF OF IV. 2 (adapted from an unpublished argument of David Henderson).
Let u = uy, v = 7p. Since u(x) = (1/7(x))x, we need only prove that 7y is con-
tinuous. Fix x5 € F\{0}, and let 0 <& < 1(x,). If x, were a limit point of
A = {x € F\{0}1v(x{) — 7(x) > 8}, then (1/7(xy))xy = u(x,) would be a limit
point of (1/7(xo))A4. But (1/¥(xo))4 C (1 —8")V, where 8’ = §/v(xy) <1, so
this is impossible. Thus, x,, is not a limit point of 4. Similarly, x, is not the
limit point of {x € F\{0}ly(x) — 7(xy) > 6}, and continuity of 7 follows.

DEFINITION. Let B be a space, F a TVS. Let W be an open subset of
B x F such that for each b € B, W, = W N (b x F), regarded as lying in F, is a
RBS set. For each b € B, let u,, = M, F\{0} — F\{0} and 7, = Twy:
F\{0} — (0, =) be as in Lemma IV. 2. We call W a radially bounded starlike
tube (abbreviated RBS tube) if (b, x) — u,,(x) and (b, X) — 7,(x) are contin-
uous on B x (F\{0}). Each W, will be called a fiber of W.

By Lemma IV. 2 RBS sets may be regarded as special cases of RBS tubes.

Given A C B x F and a > 0, we let a4 = {(b, ax)|(d, x) € 4}.

ProrosITION IV. 3. Let W C B x F be a RBS tube. Then there is a homeo-
morphism h: B x F —> W such that h is the identity on %W, h is fiber preserving
and on each fiber is ray preserving, and h(B x V) is closed in B x F for every
RBS set VCF.

PrRoOOF OF IV. 3. Let §: [0, =) — [0, 1) be any homeomorphism which
* is the identity on [0, %]. Define h: B x F — W by h(b, x) = (b, 8(7,(x))p(x)),
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x # 0, and h(b, 0) = (b, 0). Note that A=1(B, x) = (b, 8~ (7,(X)up()), x #O.
Since W is a RBS tube, both # and A~ ! are continuous. Clearly, A is the identity
on %W, is fiber preserving and is ray preserving on each fiber.

Let ¥ C F be a RBS set, and let (b, x) € (B x F)\i(B x V). Then (b, sx)
€ W\h(B x V), some s < 1, so there are neighborhoods O of b in B and U of
sx in F such that 0 x U C W\h(B x ¥). Then (b, x) € 0 x (1/s)U C
B x P)\h(B x V).

ProrosITION IV. 4. Let B be a paracompact space, F a TVS with a basis
at the origin consisting of RBS sets. Then any neighborhood U of B x {0} in
B x F contains a RBS tube.

ProOF OF IV. 4. Let {V,} be a locally-finite cover of B by open sets such
that for each « there is a RBS set W, in F with ¥V, x W, CU. Let {\,: B—
[0, 1]} be maps such that A; (0, 1]) C V,, and {interior A7 *(1)} cover B. Let

W= {(, x) € B x Flx U, (0)W,}}.
Then W is open and each W, is the finite union of RBS sets and hence is a RBS
set. For each b € B, let u,,: F\{0} — F\{0} and 7,: F\{0} — (0, =) be the
maps associated with W,, and for each « let u, and 7y, be the maps associated
with W,. Fix (g, y) € B x (F\{0}). Let G be a neighborhood of a meeting only,
say, V, PR Vo, Then, if (b, x) € G x (F\{0}), up(x) = max{A, ;(b)“a I(x)l
i=1,---,n},so that (b, x) — u,(x) is continuous. The continuity of (b, x)
— 7, (x) now follows since 1/7,(x) = v,(up (x))/7,(x).

THEOREM IV. 5. Let B be a space, F a TVS. Let W,, W,, W, W, be RBS
tubes in B x F with Wy C W, C Wy C Wy C W,. Then there is a homeomorphism
s=s(W,, W,, Wy, W,): B x F—> B x F carrying W, onto W; such that s is
fiber preserving, ray preserving on each fiber, and the identity on WlU [(B x F)\W,].
Further, s is ambient invertibly isotopic to the identity by an invertible isotopy
which is the identity on (W, U [(B x F)\W,]) x I.

Proor oF IV. 5. First assume the W, are RBS sets. Fori=1, 2, 3, 4 let
u;: F\{0} — F and v;: F\{0} — (0, =) be the maps associated with W,. Re-
gard the elements on each ray of F as ordered via a homeomorphism onto [0, ).
Then p, (x) < py(x) < pa(x) < pg(x) and 7, (x) > 7,(x) 2 73(x) > 7,4(x). For
each x € F\{0} let

a(x) = 1,7, (), b(x) = 7,X)/7,(x),
ex) = 7,)/r3(x),  dx) = 7,)/7,(x) = 1.
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On each ray the maps 4, b, ¢, and d are constant, since 7,(rx) = ry,(x), and a <
b<c<d. Also, on Bd(W,), 7,(x) = 1 so that a(x) = v,4(x), etc. Fort€[I
define h,: F — F by

identity on W, U (F\W,),

[+7“_a b+ —b—] W, \W
ht= a b-a (! t((,‘ )] a)#4°n 2\ 19

Ya
1-b

[b +tc-b)+ A-[b+tc- b)])]u4 on W\W,.

Then A, is a homeomorphism with inverse

identity on W, U (F\W,),
178 - on h(W,)\W
R ey ] RN

[b Y4 — [b + t(c — b)] a
1-[b + t(c — b)]
Define h: F x I — F x I by h(x, t) = (h,(x), ). Then h, is the required homeo-

morphism s(W,, W,, W;, W,), and & is the required invertible isotopy.

Now, given RBS tubes W,, W,, W,, W,, the required isotopy is S: B x F x I —
B x F x I defined by S(b, x, t) = (b, (h,),(x), t) where, for each b € B, (h,), is
the homeomorphism constructed above for the RBS sets (W, ), * * - , (W,),,.

DEFINITION. We say that two embeddings f, g: X — Y are isotopic if there
is a homotopy, called an isotopy, H: X x I — Y such that Hy=f H =g, and
H, is an embedding, t € I.

The following lemma and its proof, using our Theorem IV. 5, are direct
analogues of Lemma 5.1 in [11].

- b)] Uty on W\, (W,).

LEMMA IV. 6. Let B be a paracompact space, F a TVS having a basis at the
origin of RBS sets. Let A C F be a fixed RBS set. For each positive integer i,
let f;: B x F— B x F be an open embedding such that f; is the identity on
B x {0}, f(B x F)C B x A, and f(B x V) is closed in B x F for each RBS set
V C F. Then there is a homeomorphism of B x F onto the direct limit of

BxF£>BxF12—>BxF£>--

which is isotopic to the inclusion of the first B x F into the direct limit.
V. Proof of Theorem II. 2.

LEMMA V. 1. Let F be R* or B*(b*), and let V be any neighborhood of
O € F. Then there is a closed embedding f: F — F with f(F) C V.
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ProoF oF V. 1. If F = B*(b*), by Theorem IL. 1 there is a homeomorphism
a: F— Q. We may assume a(0) = (0, 0, - - - ). By [8, Proposition II. 1(a)],
(V) D (U, x U, x+++)N Q% for some sequence {U;} of neighborhoods of
0€ Q Leth;: Q— U, be a(closed) embedding such that 4 (0) = 0. Thenh =
(hy, By, - -+ ): Q° — Q7 is a closed embedding with #(Q™) C (V). The re-
quired embedding is f = o~ !fa. If F = R™, observe that R = lim B}, where
B = {x €R| lxl <n}. Hence, an argument like that given for Q* establishes
the existence of f.

We regard /, as all real sequences x = {x,} such that Ixl2 = 23Ix,.l2 < oo,

LEMMA V. 2. The natural bijections R* x R* — R and 1,(b) x 1,(b) —
L,(6) given by ((x;, x5, == ), s Va5 =" ) = (X, ¥y, X3, Vo, " " " ) are
homeomorphisms.

ProOF OF V. 2. Since R is locally compact, sets of the form [MIT (- ¢;, ;)]
N R, &; >0, o; — 0, form abasis at the origin in R*. By the Banach-Dieudonné
theorem [6, Lemma 4, p. 427] a basis at the origin for /,(b) is all sets of the form

xeLllcy)I<1,y,€L,lyl—0,i=1,2,---}.
The lemma follows immediately.

ProOOF OF THEOREM II. 2. Assume first that F = B*(b*) where there is a
closed linear split embedding B ® B — B. In the notation of [9], any F-manifold
is a (C™!, b*)-manifold modelled on B*. By [9, Theorem II. 4] there is a closed
split (C~?!, b*)-embedding f: M — B*, and this f is a closed linearly split (topo-
logical) embedding M — F. This establishes (b). For (a) regard M as an /,(b)-
manifold by Theorem II. 1, apply (b) and then Lemma V. 1.

Now assume F = R*. By Lemma V. 2 there is a linear homeomorphism
R™ x R® — R™, and by Propositions III. 1 and III. 2 M is regular and Lindelof.
A proof like the proof of Theorem II. 3 in [9] now gives a closed, linearly split
embedding f: M — R>. This proves (b), and (a) follows by applying Lemma V. 1.

VI. Proofs of Theorem II. 3 and Corollary II. 4.

LEMMA VL. 1. Let M, N, f: M — N be as in Theorem 1. 3. Then there is
a locally-finite collection {Ujli = 1,2, - -} of open subsets of N covering (M)
such that each (U, U; N f(M)) is pairwise homeomorphic to (0; x F;, 0; x 0),
where 0, is open in E; and E; and F; are closed linear subspaces of F such that
F=E; x F; (Fasin §II).

ProoF oF VL. 1. By Theorem II. 1, F is a CDLCMS. By Propositions III. 1
and III. 2, every subspace of V is Lindelof and paracompact. Let {W;li=1,2,
- - - } be a countable cover of fiM) by open subsets of N such that for each i
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there is a homeomorphism ¢,: (W, W; N f(M)) — (D; x G, D; x 0), where D,

is open in E,, G, is open in F,, and E; and F are closed linear subspaces of F
such that F = E; x F;. Let {V;} be a precise locally-finite refinement of {W;}

in paracompact {J{W;}. Regard ¢ (V; N f(M)) as a subspace of E;, and note that
it is paracompact. By Theorem IV. 1 F, and hence F}, has a basis at the origin of
RBS sets. We have

¢,(V; 0 fN) x 0 C [¢(V; N fMN) x F;]1 0 ¢V
C ¢(V; N fM)) x F,.

By Propositions IV. 3 and IV. 4 there is a RBS tube S; in [¢,(V; N M) x F;]1 N
¢,(V;) and a homeomorphism A;: S; — ¢,(V; N fiM)) x F; which is the identity
on ¢(V; N f(M)) x 0. Letting U; = ¢ l(S,) we obtain the required cover of N.

PrOOF OF THEOREM II. 3. Let f: M — N be a closed split embedding. Let
{Uli=1,2,---}, E, F;, 0, be as in Lemma VI. 1, and let

¢ (U, U; N D) — (0; x Fy, 0; x 0)

be a homeomorphism of pairs. Let V; = U; N fiM).

Since ¥, U V, is normal (Propositions IIL. 1 and III. 2) we can find 4, C
Vi, A, C V, such that 4; and 4, are closed in ¥; U ¥, (and hence in U; U
U)),and V; UV, =Int 4, U Int 4,, where Int 4, is the interior of 4; in
V, UV, i=1,2. Again by normality, choose G; open in U; U U, such that
A, CG, CG, CU,, where G, is the closure of G, in U; U U,.

In what follows we identify subsets of 0, x {0} with subsets of 0,. Choose
G, open in ¢,(4, N A,) x F, such that

$,(4, N4,) CG, CG, C¢,(U, NU, NG, N [p,(4; NA4,) x F,],

where G, is the closure in ¢,(4, N 4,) x F,. Let G, be an open subset of
$,(4,) x F, such that G, = G; N [9,(4; N A4,) x Fy],and let G, =G5 N
$,(4,). Choose G open in ¢,(4,) such that ¢,(4, N 4,) C G5 C G5 CG,,
where Gy is the closure in ¢,(4,). Let

G =(G; U [(¢2(A2)\55) x Fy]) N ¢,(Gy).

Then G is a neighborhood of ¢,(4,) in ¢,(4,) x F,. By Propositions IV. 3
and IV. 4 there is an open subset G, of G4 such that ¢,(4,) € G, C G, C G,
where 57 is the closure in ¢,(4,) x F,, and a fiber preserving homeomorphism
¥: (G, G;) = (6,(4,) x V, ¢,(4,) x V), where  is the identity on ¢,(4,) x
0, V a RBS set in F,, and ¥ the closure of ¥ in F,. Note that ¢3 }(G,) is closed
in G,, and hence also in U; U U,.
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Let W, = [U,\¢3 1(G;)]1 U ¢7 1(G,). Then W, is open in U; U U, and
contains V; U V,. We construct a retraction ry: Wy, — W, N i) =V, U V,.
Let A\: A, — [0, 1] be a map such that A(A4,\Int 4,) = 1 and N(4,\4,) = 0.
Let Int ¢,(4,) be the interior of ¢,(4,) in 0,. Define ry: W, — U, U U, by

¢35 'V 1(9,(0), Na),
ry(x) = if x = 03101 (#(@), v) € 93 1Y 1(Int 6,(4,) x V),

x, otherwise.

Then r), is continuous, 7 is the identity on ¥, U V,, and r,(W,) C (U; N W,)
UV,. LetI=ry(W,). Letr,: U, — V, = U, N f(M) be the retraction ob-
tained by projection via the homeomorphism ¢,. Define 7j: I — V; U V, by

r), ifxelnuU,
ne= x, ifx€NU,.

Thenr, =7, o ry: W, — V, U V, is a retraction.

Inductively, as above, construct open subsets W, of N such that W, C W, _,
VU, W, DV, U---UV,, W, D W,_,\Ug and then retractions r;: W, —
ViU---UV,suchthatr, =r,_, on W,_,\U,, k= 2. Define W and r:

W — fiM) as follows. Given x € U{Ujli = 1,2, - - }, let n(x) = max {ilx € U;}.
Then x € Wiff x € W, (). If x € W,,,, then define r(x) = r,(,)(x). Then W
is a neighborhood of fiM) in N, and r: W — fiM) is a retraction.

PrOOF OF COROLLARY II. 4. If F = B*(b*), we may regard M as an

I3(b*)-manifold. Thus, the corollary follows from Theorems II. 2(b) and IL. 3.

VIL. Proofs of Theorems II. 5 and II. 6 and Corollary II. 7.

LemMmA VIL 1. Let X be a paracompact space, F a TVS having a basis at
the origin of RBS sets (see §1V). If A is closed in X and U is a neighborhood of
A x 0in A x F, then there is an X-preserving (i.e. f{{x} x F) C {x} x F, x € X)
open embedding f: X x F— X x F such that f(x, 0) = (x, 0) for each x € X
and lA x F) C U.

ProoF OF VII. 1. Let V be an open subset of X x F such that V' N (4 x
F)=U Let W=V U ((X\A4) x F). By Proposition IV. 4 W contains a RBS
tube. The desired embedding X x F — X x F is guaranteed by Proposition IV. 3.

DEFINITION (e.g. [5, p. 248]). A space is a k-space if it has the weak
topology determined by the family of its compact subspaces.

If Y= (Y, y,) is a pointed space we denote by Y™ the direct limit of the
sequence
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Yl,Z‘_,iji,y3_]3_)...
where j,: Y7 — Y"*1 s defined by j,(r1, " -, ¥u) = s 7 Yo Vo)

THEOREM VII. 2. Let F be a TVS homeomorphic to X, where X =
(X, x,) is a pointed locally compact space. Let B be a paracompact space such
that B x F is a k-space. Then (a) any locally trivial bundle with base B and fiber
F is trivial, and (b) if, also, F has a basis at the origin of RBS sets, then any
microbundle with base B and fiber F is trivial.

PROOF OF VIL. 2. The proof of (a) is like the proof of Theorem 1 in [3],
using [8, Corollary II. 5] in place of [3, Lemma 2.3]. The proof of (b) is like
the proof [3, Theorem 2] using [8, Corollary II. 5] and our Lemma VIL. 1 in
place of [3, Lemma 4.1] and [3, Lemma 4.2].

LemMmA VIL. 3. If F = B*(b*) or R” and if M is a paracompact F-manifold,
then M x F is a paracompact F-manifold.

ProOF OF VIL 3. We may assume M is connected. By Theorem II. 1 and
Lemma V.2, F=F x F. Thus, M x F is an F-manifold. Since F and M are o-
compact and regular (Propositions III. 1 and III. 2), so is M x F. Thus, M x F
is regular Lindelof, and, hence [5, p. 174], paracompact.

PrROOF OF THEOREM II. 5. By Theorem II. 1, B*(b*) = Q. By Theorem
IV. 1 both B*(b*) and R™ have a basis at the origin consisting of RBS sets. By
Lemma VII. 3, M x F is a paracompact (and connected) F-manifold. Thus, by
Proposition III. 2 M x F is a CDLCMS, and hence a k-space. Theorem II. 5 now
follows from Theorem VII. 2.

Proor oF THEOREM II. 6. By Theorem II. 3 f{M) is a neighborhood retract
of N. The proof of Theorem II. 6 proceeds just as the proof of Theorem 2 in
[11]. In place of “the theorem of [10]” used in [11], we appeal to Theorem
II. 5. In place of “Lemma 2.1 of [10]” we use the appropriate analogue, proved
easily using our Propositions IV. 3 and IV. 4.

PROOF OF COROLLARY II. 7. By Theorem II. 1 we may assume F = R
or F = 1,(b). The result then follows from Theorems II. 2 (b), II. 6 and Lemma
V.2.

VIII. Proof of Theorem II. 8. In this section let E denote either R or
L, ).

LEMMA VIII. 1. Let M and N be paracompact, connected E-manifolds,
g: M — N a closed embedding. Then (g, 0): M — N x E is a closed, linearly
split embedding.
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Proor oF VIII 1. Clearly (g, 0) is a closed embedding. By Theorem II. 2
(b) there is a closed, linearly split embedding h: M — E. By Propositions III. 2
and IIL. 3 there is a map A: N — E such that A = hg™! on g(M). By Theorem
II. 3 there is a neighborhood W of A(M) in E and a retraction r: W — h(M). Let
I'=gh~'r: W— N. Fix (g(m,), 0) € (g, 0)(M). Since A is linearly split at m,
there is an open set ¥ C W such that h(m,) € V and a homeomorphism ¢: (¥,
VN h@)) — (V, x V,, V| x 0), where V; is open in E;, E; a closed linear
subspace of E, i = 1, 2, and E is linearly homeomorphic to E; x E,. By Theo-
rem IV. 1 and Proposition IV. 3 there is a neighborhood U of g(m,) in N and a
homeomorphism j: (U, g(m,)) — (E, 0). Define a: N x E — E by a(x, y) =
A(x) +y. Choose neighborhoods 0, of g(m) in N and 0, of 0 € E such that
a(0, x 0,) C V and then neighborhoods 05 of g(my) in 0, N U and 0, of 0
in 0, such that I'e a(05 x 0,) C U. Define y: 03 x 0, — E x (V, x V,) by

1(x, ») = ((x) = T(AR) + ), $(AX) + ).

Then v is a homeomorphism with inverse

v 1@ b) =G a +iTe7 ®)], 671 () — A [a + T~ 1 (®)]).

One can show that the expression defining y~! is defined (and continuous) on a

neighborhood of each y(x, ) € ¥(0; x 0,). Thus ¥(05 x 0,) is open in E x
(E, x E,). Since

105 x 04) N (8 O] = ¥(0;3 x 0,) N (0 x E; x 0)
and E x E is linearly homeomorphic to E, we obtain a linear splitting for (g, 0)
at (g(m,), 0).

LeEMMA VIII. 2. Let M, N and E be as in Lemma VIII. 1. Let A C M be
closed, and let g: M —> N be a map such that g restricted to A is a closed embed-
ding. Let V be any neighborhood of 0 € E. Then there is a closed linearly split
embedding g: M — N x E such that g(@) = (g(a), 0) for every a € A, g wm) C
gM) x V, and g is homotopic to g % 0 in gM) x V.

ProoF oF VIIL. 2. By Lemma V. 2 there is a linear homeomorphism 7: E' x
E — E. Let ( be a convex neighborhood of 0 € E such that 7(0 x () C V (see
Theorem IV. 1). Let W be a circled, convex neighborhood of 0 € E such that
W+ W C (. By Theorem II. 2(a) there is a closed embedding h: M — E with
h(M) C W. By Propositions III. 2 and III. 3 there is a map A: N — E such that
A = hg~! on g(4) and A(N) C W. Define g: M — N x E by g(m) = (g(m),
Ag(m) — h(m)). Then g is a closed embedding with g(M) C g(M) x 0. By
Lemma VIIL. 1, (g x 0): M — N x E x E is a closed, linearly split embedding.
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Theng = (idy x 7)o (& x 0): M — N x E is the desired embedding.

LemMmA VIIL 3. Let V be a convex, radially bounded neighborhood of the
originin TVS L, x, € V. Then there is an invertible isotopy p: L x I — L x I
such that py = id, p,(0) = x,, and p = id on (L\V) x I

ProoF oF VIIL 3. Assume x, #0. Let R, o be the ray in L through x,,
and let € > 0 be such thatR,‘o NV={myl0<r<1+e}. Let

V, = (/8(1 + e)V, V, = (¢/4(1 + &)V,
Vs=1[(1+ed/Q+e)]V, V,=I[1+e2)/(1+ V.

Each V; is a RBS set, and by Theorem IV. 5 there is an invertible isotopy H: L x
I— L x I such that H, = id, H, is ray preserving, H,(V,) = V3, and H is the
identity on (L\V,) x I. Let a: L x I — L x I be the homeomorphism a(x, t) =
(x + t(e/4)x,, t). Since (e/4)xy € Bd(V,), H((0, 1)) must be (1 + €/4)x,, the
unique point on Bd(V;) N R, o The required isotopy isp =a~ ! o Ho a.

PROOF OF THEOREM I. 8. Let M, N, F, f, g: M— N x {0} CN x F and
V be as in Theorem II. 8. By Theorems II. 1 and IV. 1 we may assume F is R™
or 1,(b) and that ¥ is convex and radially bounded. By Lemma VII. 3 N x F is
a paracompact, connected F-manifold. Let 7: F x F x F —> F be a linear homeo-
morphism. Let W be a convex, radially bounded neighborhood of 0 € F such that
(W x Wx W)CV, x, € W\{0}. Regard g as mapping into N, and define
g:M— N x F by g'(m) = (g(m), x,). By Lemma VIII. 1 and Theorem II. 3
there is a neighborhood O of fiM) in N x W and a retraction r: 0 — fiM). We
may assume () is connected. Regard /C F,and let7: 0 x F— () x I be a re-
traction. Since g’ is homotopic to f in N x W, there is a homotopy A: 0 x I —
N x Wwith Ay = ff~'r=rand A, =g'f"'r.

Consider ': 0 x F— N x F. By Lemmas VII. 3 and VIIL 2 there is a
closed split embedding k: 0 x F—> N x F x Fwith k(0 x F)CN x W x W,
k(fim), 0) = (fm), 0), and k(f(m), 1) = (g'(m), 0) for every m € M. By Theorem
IL 6 there is an open embedding k: 0 x F x F— N x F x F x F with k(x, y, 0)
= (k(x, ¥), 0), all (x, ») € 0 x F. By normality we can find an open set U in
N x F x F with

KOxFx {0)CUCTCKWO xFxF)NWxWsxWsxW,
U the closure of Uin N x F x F x F. By Propositions IV. 3 and IV. 4 there is
an open embedding h: ) x Fx F— & ~1(U) such that A is the identity on
0 x F x {0} and (0 x F x W) is closed in 0 x F x F. This implies
kh(0 x F x W) is closed in T,
Define a homeomorphismj: 0 x Fx F x I— () x F x F x I as follows:
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Let y = vy F\{0} — [0, =) be as in Lemma IV. 2. Let §: [0, ) —>Ibe a
map such that §([0, %4]) = 0 and 8([1, ®)) = 1. Then §': F — I defined by
&' = &v on F\{0} and &'(0) = O is continuous. Note that 8'(F\W) = 1. Let
i, y, 2, )= (x,y + t(1 = §'(2)), z, t). Define a homeomorphism j: N x F x
FxI—NxFxFxFxIby

(kh x id) o jo (kh x id)~!, on kh(0 x F x F) x I,
id, off (kh x id)(0 x F x W x I).

Note that (), = id, /(fim), 0, 0, 1) = (g'(m), 0, 0, 1), and  is the identity off
NxWxWxWxI Let

T=idx7xid: NxFxFxFxI—NxFxI

kol

]=

Thenj =70jo 77 1: Nx FxI— N x F x I is an invertible isotopy with
(o = id, G)(fm), 1) = (g(m), 7(x4, 0, 0), 1), and j* the identity on N x (F\V)
x I. An application of Lemma VIII. 3 now gives the required invertible isotopy.

IX. Proof of Theorem II. 9. Let f: M — N, g: N — M be homotopy
inverses. By Theorem II. 1 we may assume that F = R™ or F =1,(b). By Lemma
VIIL. 2 there is a closed split embedding M — N x F. Lett: F x F—> F be
a linear homomorphism (see Lemma V. 2), and define f: M x F — N x F by
Am, x) = (F,(m), 7(F,(m), x)), where = (f;, f,). Then fis a closed split embed-
ding homotopic to f x id. Similarly, define g: N x F— M x F.

The proof now proceeds as the proof of Theorem 4, in [11]. Use our
Theorem II. 6 where Henderson applies his Theorem 2. In place of his F,, sub-
stitute a fixed RBS set 4 C F. In place of his “Lemma 1.2 of [10]” use our
Propositions IV. 3 and IV. 4. Substitute an arbitrary RBS ¥ for his “F,”. Finally,
apply our Theorem II. 8 and Lemma IV. 6 where he applies his Theorem 3 and
Lemma 5.1, respectively.

X. Proof of Theorem II. 10.

LEMMA X 1. Let F = R”™ or B*(b*). Then any open subset of F has the
homotopy type of a CW-complex.

ProOOF OF X 1. Let W C F be open. Write F= J{C)li=1,2,- -1},
where each C; is a compact, convex, metric space, C; C C;, ,, and F = lim{C;}.
(For F = B*(b*) let C; = {x € B*| lxl <i}. Then C; is compact and metric by
Alaoglu’s theorem [6, pp. 424, 426]. For F = R™,let C; = {x € R| Ixl <i})
Then W = im{W N C, j;}, where j: WN C;— W N Cyy, is the inclusion. By
Dugundji’s extension theorem, [5, p. 188], each C; is an AR (metric). Hence,
each W N C; is an ANR (combine Proposition 6.5 and Proposition 7.9 in Chapter
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Il of [12]). By Corollary 6.4 of [7], W has the homotopy type of an ANR and,
hence [7, Lemma 6.6], of a CW-complex.
Theorem II. 10 will now follow from the following theorem.

THEOREM X 2. Let M be a paracompact manifold modelled on the TVS L,
where each open subset of L has the homotopy type of a CW-complex. Then M
has the homotopy type of a CW-complex.

The proof of X. 2 uses the following definition and theorem of T. tom
Dieck [4]:
DEFINITION [4]. A covering {E,la € A} of a space E is called numerable
if there is a locally finite partition of unity {z,la € A} such that
t;1(0, 1]) CE,, eacha.
THEOREM [4, THEOREM 4]. Let U = {X, la € A} be a numerable covering

of a space X. If, for each nonempty o C A, n{Xa | € 6} has the homotopy
type of a CW-complex, then X has the homotopy type of a CW-complex.

ProoF OF THEOREM X 2. Let {0,la € 4} be a locally finite cover of M
by sets homeomorphic to open subsets of L. Since M is paracompact, {0,} is
numerable. Let 0 C A be such that [{0,la € 0} # &. Then o must be finite,
0 ﬂ{Oa la € ¢} is homeomorphic to an open subset of F, and, hence, has the
homotopy type of a CW-complex. Theorem X. 2 now follows from the theorem
of T. tom Dieck.

XI. Proof of Theorem II. 11. If U is an open subset of 0 we write U"
for UN Q".

LeMMA XI. 1. Let U be an open subset of Q. Then U has a basis of open
subsets {W la € U} such that each W, is convex and each U, N Q" is relatively
compact in U™.

ProoF oF XI. 2. Let
C= {w,,=(wal X Wm2 x---)f'\Q”IWaiCQ,

We, convex and open, W, C U}.

Here Wa is the closure of W, in Q. By [8, Proposition II. 1], and since Q is
regular, it follows that C is a basis for U. The closure of each W, N Q" in U"
equals the closure of W, N Q" in Q" and is hence compact.

DEFINITIONS. A map f: X — Y is proper if the inverse image (under f) of
any compact subset of Y is compact. Let f and g map X into Y. Let U be any
open cover of Y. Then f and g are U-close if for each x € X thereisa U€ U
with {f(x), g(x)} CU. If H: X x I — Y is a homotopy, then H is limited by
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U if, for each x € X, H({x} x I) C U for some U € U.

LeEMMA XI. 2 (cF. [1, LEMMA 2.2]). Let X and Y be spaces, and let U be
any locally finite cover of Y by relatively compact open sets. Let f and g be maps
of X into Y such that f and g are U-close and f is proper. Then g is also proper.

ProorF oF XI.2. Let U= {U,}. Let A C Y be compact. Since {U,} is
locally finite, A meets only finitely many of the U,’s,say U, - -, U,. Let
c=U{Tli=1,---,n}. Letx €g71(4). There is an a with {g(x), fix)} C
U,. But then U, must be U;, some i <n. Thus, fle"1(4)) C C, which is com-
pact. Hence, g~(4) is a closed subset of the compact f —1(C) and is therefore
compact.

The following theorem is implicit from the Addendum of [2].

THEOREM (ANDERSON-SCHORI [2]). Let () C Q be an open set, U any open
cover of 0. Then there is a homeomorphism h: Q x 0 — ( such that for every
x, »)EQ x 0 there isa U € U with {y, h(x, y)} C U.

ProoF OF THEOREM II. 11. By Theorem II. 1 we need only show that
U x Q° = U, where U is open in Q. Leti,: U" — U"*! and j,: U" x Q" —
U1 x @"*! be the natural inclusions. We first construct a sequence of homeo-
morphisms h,: U" — U™ x Q", n > 1, such that h, i, and j,h, are properly
homotopic. By Proposition III. 1 U is paracompact. Thus, by Lemma XI. 1,
there is a locally finite cover U of U such that V" is relatively compact in U" for
each ¥V € V and then a refinement C of |/ consisting of convex open sets. By [S,
Theorem 3.5, p. 168] there is an open barycentric refinement W of C. Let W" =
{wWn Q"' IWe W}. Letp,: U x Q" — U” be the projection. By the theorem
of Anderson and Schori there is a homeomorphism k,,: U" — U™ x Q" such
that, for each x € U", {x, p,h,(x)} is contained in some element of W". Con-
sider the diagram

i
Ut 22— pynt+t

hn hn+ 1
U" x Q"—]"—> urtt x gntl,
Let x € U". There is a W, € W such that {x, p,h,(x)} C W], and hence {i,(x),
Pns 1inhn()} C Wi*1. There is a W, € W such that {i,(x), P, 1Ay 18n(¥)} C
W3+, Thus, (D, 41,4 15,3 Py 1jnht,(¥)} is contained in the star of i,(x)

with respect to (, and hence in some C € C. Since C is convex, we can define a
homotopy H: U™ x I — U"*! x g"*! by
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Hx, t)y = (1 = t)j,h, () + th, i, (x).
Then H, = j,h, which is proper, and H, = h,,, ,i,,. Also, H is limited by
v+l x @ty € IV}, and it follows, using Lemma XI. 2, that H is proper.

We now define a sequence of homeomorphisms g,,: U — U™ x Q" such
that g, , i, =7j.8,. Letg, =h,. Thenj g, and h,i, are properly homotopic
maps onto Z-sets in U2 x Q2. By the main theorem of [1] there is an invertible
isotopy G: U? x Q% x I — U? x Q2 x I such that G, = id and G, h,i, =J,g,.
Let g, = G h,. Theng,i, =j,&,, and j,g, is properly homotopic to A3i,. Con-
tinuing inductively we obtain the desired sequence {g,ln =1,2,---}. The
sequence {g,} induces a homeomorphism

g: lim i} — H_I}l{U" x Q" .}

But lim{U", i,} = U, and im{U" x Q", j,} = U x Q™. (The last assertion is a
consequence of [8, Corollary III. 1].)
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